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WEAK AND STRONG BOUNDEDNESS FOR p-ADIC
FRACTIONAL HAUSDORFF OPERATOR AND ITS
COMMUTATOR
NAQASH SARFRAZ1 AND FERI´T GU¨RBU¨Z 2,∗
Abstract. In this paper, boundedness of Hausdorff operator on weak central
Morrey space is obtained. Furthermore, we investigate the weak bounds of p-
adic fractional Hausdorff Operator on weighted p-adic weak Lebesgue Space.
We also obtain the sufficient condition of commutators of p-adic fractional
Hausdorff Operator by taking symbol function from Lipschitz space. Moreover,
strong type estimates for fractional Hausdorff Operator and its commutator
on weighted p-adic Lorentz space are also acquired.
1
1. Introduction
Any non zero rational number x can be written as x = pγm/n, where p is fixed
prime and m,n are integers. It is mandatory that all these numbers are coprime to
each other. The p-adic absolute value of x is as follows:
{|x|p : x ∈ Qp} = {p
−γ : γ ∈ Z} ∪ {0}.
In the above set, Qp is the field of p-adic numbers and is the completion of the
field of rational number Q with respect to non-Archimedean p-adic norm | · |p. The
p-adic absolute value | · |p satisfies all the conditions of real norm together with so
called strong triangular inequality,
|x+ y|p ≤ max{|x|p, |y|p}. (1.1)
Furthermore, if |x|p 6= |y|p, then (1.1) takes the form:
|x+ y|p = max{|x|p, |y|p}. (1.2)
A p-adic number x ∈ Qp\{0} can also be represented in canonical form (see [19])
as:
x = pγ
∞∑
k=0
αkp
k, (1.3)
where αk, γ ∈ Z, α0 6= 0, αk ∈
Z
pZp
. The above series converges in p-adic norm
because of the fact |pγαkp
k|p = p
−γ−k.
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The space Qnp = Qp × ... × Qp consists of points x = (x1, x2, ..., xn), where
xk ∈ Qp, k = 1, 2, ..., n. The p-adic norm can also be defined on higher dimensional
space Qnp as
|x|p = max
1≤k≤n
|xk|p. (1.4)
The norm in (1.4) is non-Archimedean one.
Let us represent
Bγ(a) = {x ∈ Q
n
p : |x− a|p ≤ p
γ},
the ball with center at a ∈ Qnp and radius p
γ . In a same way, represent by
Sγ(a) = {x ∈ Q
n
p : |x− a|p = p
γ},
the sphere with center at a ∈ Qp and radius p
γ . When a = 0, we just represent
Bγ(0) = Bγ and Sγ(0) = Sγ . Additionally, for each a0 ∈ Q
n
p , a0 + Bγ = Bγ(a0)
and a0 + Sγ = Sγ(a0).
The locally compact commutative group under addition of Qnp makes sure the
existence of additive positive Haar measure dx invariants under shift d(x + a) =
dx, a ∈ Qp. The measure dx is unique if the following equality normalize it∫
B0(0)
dx = |B0(0)| = 1,
where |B| denotes the Haar measure of a subset B of Qnp , and is measurable. Also,
an easy calculation shows |Bγ(a)| = p
nγ , |Sγ(a)| = p
nγ(1− p−n), for any a ∈ Qnp .
p-adic analysis is a key tool to describe Kohlrausch-Williams-Watts law, the
power decay law and the logarithmic decay law (see [5]). p-adic analysis is natu-
ral to non-Archimedean spaces (see [3, 4]). Its applications in theoretical physics
and theoretical biology can be found in [2, 6, 17, 18]. p-adic analysis has also ce-
mented its role in p-adic pseudo-differential equations and stochastic process, see
for example [13, 19]. Besides, in this day and age many researchers have shown
heaps of interest in the study of wavelet and harmonic analysis , for instance, (see
[11, 12, 14]).
The classical one dimensional Hausdorff operator is defined as:
hΦf(x) =
∫ ∞
0
Φ(t)
t
f(
x
t
)dt, x ∈ R,
where Φ is integrable function on R+ = (0,∞). Anderson in [1] defined the n- di-
mensional Hausdorff operator
HΦf(x) =
∫
Rn
Φ(x/|y|)
|y|n
f(y)dy,
where Φ is function defined on Rn.
A.K. Lerner and E. Liflyand[15] studied the most general matrix Hausudorff
operator which is given by:
(HΦ,Af)(x) =
∫
Rn
Φ(t)f(A(t)x)dt,
where A(t) is the n× n invertible matrix almost everywhere in the support of Φ.
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An extension of Hausdorff operator is the fractional Hausdorff operator which
was studied by Lin and Shan [16] is as follows:
HΦ,β(f)(x) =
∫
Rn
Φ(|x|/|y|)
|y|n−β
f(y)dy, 0 ≤ β < n.
Later, the weak and strong estimates of two kinds of multilinear fractional Haus-
dorff operator on Lebesgue space were studied by Fan and Zhao, see [7]. Gao and
Zhao [9] obtained the sharp weak bounds for Hausdorff operators. For more details
about weak bounds we refer some last publications including [8, 10].
Inspiring from above results we define the p-adic fractional Hausdorff operator
HΦ,β(f)(x) =
∫
Qnp
Φ(x|y|p)
|y|n−βp
f(y)dy, 0 ≤ β < n.
Here, we consider |y|p is equal to some power of p ∈ Q
n
p .
If β = 0, we get the Hausdorff operator which is defined by
HΦ(f)(x) =
∫
Qnp
Φ(x|y|p)
|y|np
f(y)dy
We also define the commutatorsHbΦ,β(f) = bHΦ,β(f)−HΦ,β(bf), where b ∈ Λδ(Q
n
p ),
for some 0 < δ ≤ 1. The aim of this paper is to study the boundedness of Hausdorff
operator HΦ on p-adic weak central Morrey space. Moreover, we get the weak
bounds of HΦ,β and H
b
Φ,β from L
r,∞(|x|γp ,Q
n
p ) to L
q(|x|αp ,Q
n
p ). It is worthwhile to
mention here that the symbol function b ∈ Λδ(Q
n
p ). In addition, strong type esti-
mates of weighted p-adic Lorentz space in both cases are also acquired. Throughout
this article the letter C denotes a constant independent from essential values. Also
the A  B denotes that there exists a constant C such that A ≤ CB.
2. Preliminaries
Let w(x) be a weight function on Qnp which is nonnegative and locally integrable
function. Let Lq(w,Qnp ), (0 < q <∞) be the space of all complex-valued functions
f on Qnp such that
‖f‖Lq(w,Qnp ) =
(∫
Qnp
|f(x)|pw(x)dx
)1/q
.
Now, we define the weighted p-adic weak Lebesgue space, as a measurable func-
tion f belongs to Lq,∞(w,Qnp ) if
‖f‖Lq,∞(w,Qnp ) = sup
λ>0
λw
(
{x ∈ Qnp : |f(x)| > λ}
)1/q
<∞,
where
w({x ∈ Qnp : |f(x)| > λ}) =
∫
{x∈Qnp :|f(x)|>λ}
w(x)dx.
Further, when b ∈ Λδ(Q
n
p ), for 0 < δ < 1, the homogeneous Lipschitz space is
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defined as follows:
‖b‖Λδ(Qnp ) = sup
x,h∈Qnp ,h 6=0
|b(x+ h)− b(x)|
|h|δp
<∞.
The distribution function of f ∈ Qnp with a measure w(x)dx is defined as:
µf (λ) = w{x ∈ Q
n
p : |f(x)| > λ}
The decreasing rearrangement of f with respect to measure w(x)dx is as follows
f∗(t) = inf{λ > 0 : µf (λ) ≤ t}, t ∈ R+.
Next, we define the weighted p-adic Lorentz Space Lq,s(w,Qnp ) which is the collec-
tion of all functions f such that ‖f‖Lq,s(w,Qnp ) <∞, where
‖f‖Lq,s(w,Qnp ) =


(
s
q
∫∞
0
[t1/qf∗(t)]s dtt
)
, if 1 ≤ s <∞,
supt>0 t
1/qf∗(t), if s =∞.
It is easy to see that
‖f‖Lr,s(w,Qnp ) ≤ C‖f‖Lq,s(w,Qnp ), f ∈ L
q,s(w,Qnp ), 0 < q <∞, 0 < s ≤ r <∞.
(2.1)
If an operator T is bounded from Lq,1(w,Qnp ) into L
r,∞(w,Qnp ), then T is of weak
type (q, r). From (2.1), it is obvious to see that
w{x ∈ Qnp : |Tf(x)| > λ} ≤ Cλ
−r‖f‖rLq(w,Qnp ), 1 ≤ q ≤ r <∞,
justifies weak type (q, r) for T . We will also use the following Marcinkiewicz The-
orem for w(x) = |x|αp , α > −n.
Theorem 2.1. Suppose 1 ≤ q′ < q0, 1 ≤ r
′, r0, r
′ 6= r0, ϑ ∈ (0, 1) and
1
q
= (1− ϑ)/q′ + ϑ/q0,
1
r
= (1− ϑ)/r′ + ϑ/r0.
If T is of weak type (q′, r′) and (q0, r0), then T is bounded from L
q,s(|x|αp ,Q
n
p ) into
Lr,s(|x|αp ,Q
n
p ), for all 1 ≤ s <∞.
Definition 2.2. [21] Let 1 ≤ q < ∞ and −1/q ≤ λ < 0. A function f ∈ Lploc(Q
n
p )
if
B˙q,λ(Qnp ) = sup
γ∈Z
(
1
|Bγ |
1+λq
H
∫
Bγ
|f(x)|qdx
)1/q
.
When λ = −1/q, then B˙q,λ(Qnp ) = L
q(Qnp ). It is not hard to see that B˙
q,λ(Qnp ) is
reduced to {0} whenever λ < −1/q.
Definition 2.3. [20] Let 1 ≤ q < ∞ and −1/q ≤ λ < 0. The p-adic weak central
Morrey space WB˙q,λ(Qnp ) is defined as
WB˙q,λ(Qnp ) = {f : ‖f‖WB˙q,λ(Qnp ) <∞},
where
‖f‖WB˙q,λ(Qnp )
= sup
γ∈Z
|Bγ |
−λ−1/q
H ‖f‖WLq(Bγ ),
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and ‖f‖WLq(Bγ) is the local p-adic L
q-norm of f(x) restricted to the ball Bγ , that
is
‖f‖WLq(Bγ) = sup
λ>0
|{x ∈ Bγ : |f(x)| > λ}|
1/q.
It is clear that if λ = −1/q, then WB˙q,λ(Qnp ) = L
q,∞(Qnp ) is a p-adic weak L
q
space. Also, B˙q,λ(Qnp ) ⊆WB˙
q,λ(Qnp ) for 1 ≤ q <∞ and −1/q < λ < 0.
In the upcoming section, we prove the boundedness of Hausdorff operator on
p-adic weak central Morrey space.
3. Boundedness of Hausdorff operator on weak Central Morrey
space
Theorem 3.1. Let 1 ≤ q < ∞ and let −1/q ≤ λ < 0. If Φ is a radial function,
that is Φ(x) = ψ(|x|p), where ψ is defined in all p
k, k ∈ Z and f ∈ B˙q,λ(Qnp ), then
‖HΦf‖WB˙q,λ(Qnp )
≤ K1(1− p
−n)1/q
′
|‖f‖B˙q,λ(Qnp )
,
where K1 = C
∫∞
0
ψ(t)t−nλ−1dt.
Proof. We first consider
HΦ =
∫
Qnp
Φ(x|y|p)
|y|np
f(y)dy
=
∑
k∈Z
∫
Sk
Φ(x|y|p)
|y|np
f(y)dy.
By Ho¨lder’s inequality, we have:
|HΦ| ≤
∑
k∈Z
((∫
Sk
|Φ(x|y|p)|
q′
|y|nq
′
p
dy
)1/q′(∫
Sk
|f(y)|qdy
)1/q)
≤
∑
k∈Z
((∫
Sk
|Φ(x|y|p)|
q′
|y|nq
′
p
dy
)1/q′(∫
Bk
|f(y)|qdy
)1/q)
≤‖f‖B˙q,λ(Qnp )
∑
k∈Z
|Bk|
1/q+λ
H
(∫
Sk
|Φ(x|y|p)|
q′
|y|nq
′
p
dy
)1/q′
. (3.1)
If |x|p = p
l, l ∈ Z, then Φ(x|y|p) = ψ(p
l−k), then we take:
∑
k∈Z
|Bk|
1/q+λ
H
(∫
Sk
|Φ(x|y|p)|
q′
|y|nq
′
p
dy
)1/q′
=
∑
k∈Z
pkn(1/q+λ)
(∫
Sk
|ψ(pl−k)|q
′
pknq′
dy
)1/q′
=(1− p−n)1/q
′
∑
k∈Z
|ψ(pl−k)|pknλ
=(1− p−n)1/q
′
plnλ
∑
k∈Z
|ψ(pl−k)|p(l−k)(−nλ)−1+1
≤C(1− p−n)1/q
′
plnλ
∫ ∞
0
ψ(t)t−nλ−1dt
=C(1− p−n)1/q
′
|x|nλp
∫ ∞
0
ψ(t)t−nλ−1dt.
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We majorized at the penultimate step and last step is courtesy of |x|p = p
l.
Letting K1 = C
∫∞
0 ψ(t)t
−nλ−1dt and by putting the above values in (3.1), we get:
|HΦ| ≤K1(1− p
−n)1/q
′
|x|nλp ‖f‖B˙q,λ(Qnp ).
Let A = K1(1− p
−n)1/q
′
‖f‖B˙q,λ(Qnp )
.
Since λ < 0, we have:
‖HΦf‖WB˙q,λ(Qnp )
≤ sup
γ∈Z
sup
t>0
t|Bγ |
−λ−1/q
H |{x ∈ Bγ : A|x|
nλ
p > t}|
1/q
=sup
γ∈Z
sup
t>0
t|Bγ |
−λ−1/q
H |{|x|p ≤ p
γ : |x|p < (t/A)
1/nλ}|1/q.
If γ ≤ logp(t/A)
1/nλ, then for λ < 0, we get:
sup
t>0
sup
γ≤logp(t/A)
1/nλ
t|Bγ |
−λ−1/q
H |{|x|p ≤ p
γ : |x|p < (t/A)
1/nλ}|1/q
=sup
t>0
sup
γ≤logp(t/A)
1/nλ
t|Bγ |
−λ
H
=sup
t>0
sup
γ≤logp(t/A)
1/nλ
tp−nγλ
=A
=K1(1 − p
−n)1/q
′
|‖f‖B˙q,λ(Qnp ).
Now, if γ > logp(t/A)
1/nλ, then for λ ≥ −1/q, we have:
sup
t>0
sup
γ>logp(t/A)
1/nλ
t|Bγ |
−λ−1/q
H |{|x|p ≤ p
γ : |x|p < (t/A)
1/nλ}|1/q
=sup
t>0
sup
γ>logp(t/A)
1/nλ
tpγn(−λ−1/q)||x|p < (t/A)
1/nλ|1/q
=sup
t>0
sup
γ>logp(t/A)
1/nλ
tpγn(−λ−1/q)(t/A)1/λq
=A
=K1(1 − p
−n)1/q
′
‖f‖B˙q,λ(Qnp )
.
Therefore,
‖HΦf‖WB˙q,λ(Qnp ) ≤K1(1− p
−n)1/q
′
|‖f‖B˙q,λ(Qnp ).

4. Weak and Strong Boundedness of Fractional Hausdorff Operator
In the current section, we obtain the weak bounds of fractional Hausdorff oper-
ator on weighted p-adic weak Lebesgue space. Furthermore, strong type estimates
of same operator for weighted p-adic Lorentz space are also attained.
Theorem 4.1. Let 0 ≤ β < n and 1 ≤ q, r < ∞. Let also min{α, γ} > −n,
w(x) = |x|αp , α > −n. If Φ is radial function,
n+α
q − β =
n+γ
r and
Aq
′
(ψ, q) =
∫ ∞
0
|ψ(t)|q
′
t(n+α)(q
′−1)−βq′−1dt, (4.1)
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then ‖HΦ,β(f)‖Lr,∞(|x|γp ,Qnp ) ≤ K2‖f‖Lq(|x|αp ,Qnp ),
where K2 = C
(
1−p−n
1−p−(n+γ)
)1/r
(1− p−n)1/q
′
A(ψ, q).
Proof. We first consider:
HΦ,βf(x) =
∫
Qnp
Φ(x|y|p)
|y|n−βp w(y)1/q
f(y)w(y)1/qdy
=
∫
Qnp
Φ(x|y|p)
|y|
n−β+α/q
p
f(y)w(y)1/qdy
Applying Ho¨lder’s inequality at the outset to have:
|HΦ,βf(x)| ≤
{∫
Qnp
∣∣∣∣ Φ(x|y|p)
|y|
n−β+α/q
p
∣∣∣∣
q′
dy
}1/q′{∫
Qnp
|f(y)|q |y|αp dy
}1/q
=
{∫
Qnp
∣∣∣∣ Φ(x|y|p)
|y|
n−β+α/q
p
∣∣∣∣
q′
dy
}1/q′
‖f‖Lq(|x|αp ;Qnp ). (4.2)
Sine Φ is radial function then:
∫
Qnp
|Φ(x|y|p)|
q′
|y|
(n−β+α/q)q′
p
dy =
∑
k∈Z
∫
Sk
|ψ(pl−k)|q
′
pk(n−β+α/q)q′
dy
=(1− p−n)pl((n+α)(1−q
′)+βq′)
∑
k∈Z
|ψ(pl−k)|q
′
p(l−k)((n+α)(q
′−1)−βq′)−1+1
≤C(1 − p−n)|x|−((n+α)(q
′−1)−βq′)
p
∫ ∞
0
|ψ(t)|q
′
t(n+α)(q
′−1)−βq′−1dt
=C(1 − p−n)|x|−((n+α)(q
′−1)−βq′)
p A
q′(ψ, q).
Therefore, by the stipulation n+αq − β =
n+γ
r , (4.2) becomes:
|HΦ,βf(x)| ≤C(1 − p
−n)1/q
′
A(ψ, q)|x|−(n+α)/q+βp ‖f‖Lq(|x|αp ,Qnp )
=C(1 − p−n)1/q
′
|x|−(n+γ)/rp ‖f‖Lq(|x|αp ;Qnp ).
Since C1 = C(1− p
−n)1/q
′
A(ψ, q)‖f‖Lq(|x|αp ,Qnp ), then for λ > 0,
{x ∈ Qnp : |HΦ,βf(x)| > λ} ⊂ {x ∈ Q
n
p : |x|p ≤ (C1/λ)
r/n+γ}.
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Therefore,
‖HΦ,βf(x)‖Lr,∞(|x|γp ,Qnp ) ≤ sup
λ>0
λ
(∫
Qnp
χ{
x∈Qnp :|x|p<(C1/λ)
r/n+γ
}(x)|x|γpdx
)1/r
=sup
λ>0
λ
(∫
|x|p<(C1/λ)r/n+γ
|x|γpdx
)1/r
=sup
λ>0
λ
( logp(C1/λ)r/n+γ∑
j=−∞
∫
Sj
pjγdx
)1/r
=
(
1− p−n
1− p−(n+γ)
)1/r
C1
=C
(
1− p−n
1− p−(n+γ)
)1/r
(1 − p−n)1/q
′
A(ψ, q)‖f‖Lq(|x|αp ,Qnp )
=K2‖f‖Lq(|x|αp ,Qnp ).
Hence, HΦ,β has weak type (q, r). 
In the next theorem, we will prove strong estimates are also valid for HΦ,β .
Theorem 4.2. Let 0 ≤ β < n, let 1 ≤ q, r < ∞. Let also min{α, γ} > −n,
w(x) = |x|αp , α > −n. If Φ is radial function, let
n+α
q −β =
n+γ
r and equation (4.1)
is valid for q ± ǫ instead of q, then
‖HΦ,βf‖Lr,s(|x|αp ,Qnp )  ‖f‖Lq,s(|x|αp ,Qnp ).
Proof. Since 1 < q, r <∞, so we can find ǫ such that 1 < q− ǫ and 1 < r− ǫ. Then,
by Theorem (4.1) HΦ,β has weak types (q− ǫ, r− ǫ) and (q+ ǫ, r+ ǫ). Desired result
is acquired by using Theorem 2.1. 
5. Weak and Strong Boundedness of commutator of Fractional
Hausdorff Operator
This section comprises of weak boundedness of commutator of p-adic fractional
Hausdorff operator on weighted p-adic weak Lebesgue space. At the section end,
we also obtain the strong type estimates for the same operator on power weighted
p-adic Lorentz space.
Theorem 5.1. Let 1 < q < r < ∞, 0 < δ < 1. Let also min{α, γ} > −n,
(β + δ) − n+αq = −
n+γ
r , w(x) = |x|
α
p , α > −n. If Φ is radial function, b ∈ Λδ(Q
n
p )
and
C
∫ ∞
0
ψq
′
(t)t(q
′−1)(n+α)−βq′−1max(1, t−δq
′
)dt = K3,q, (5.1)
then
‖HbΦ,βf‖Lr,∞(|x|αp ,Qnp ) ≤ K4‖f‖Lq(|x|αp ,Qnp ), (5.2)
where K4 = K3,q
(
1−p−n
1−p−(n+γ)
)1/r
(1− p−n)‖b‖Λδ(Qnp ).
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Proof. We first take:
HΦ,βf(x) =
∫
Qnp
Φ(x|y|p)
|y|
n−β+α/q
p
f(y)|y|α/qp dy
By definition of Lipschitz space, we have:
|HbΦ,β(f)(x)| ≤
∣∣∣∣
∫
Qnp
Φ(x|y|p)
|y|
n−β+α/q
p
(b(x)− b(0))f(y)|y|α/qp dy
∣∣∣∣
+
∣∣∣∣
∫
Qnp
Φ(x|y|p)
|y|
n−β+α/q
p
(b(y) − b(0))f(y)|y|α/qp dy
∣∣∣∣
≤‖b‖Λδ(Qnp )|x|
δ
p
∫
Qnp
Φ(x|y|p)
|y|
n−β+α/q
p
f(y)|y|α/qp dy
+ ‖b‖Λδ(Qnp )
∫
Qnp
Φ(x|y|p)
|y|
n−β+α/q−δ
p
f(y)|y|α/qp dy
=I1 + I2.
We evaluate I2 first. By Ho¨lder’s inequality, we get:
I2 ≤‖b‖Λδ(Qnp )
{∫
Qnp
∣∣∣∣ Φ(x|y|p)
|y|
n−β+α/q−δ
p
∣∣∣∣
q′
dy
}1/q′{∫
Qnp
|f(y)|q|y|αp dy
}1/q
=‖b‖Λδ(Qnp )
{∫
Qnp
∣∣∣∣ Φ(x|y|p)
|y|
n−β+α/q−δ
p
∣∣∣∣
q′
dy
}1/q′
‖f‖Lq(|x|αp ,Qnp ). (5.3)
If |x|p = p
l, l ∈ Z, then repeating the same process as in Theorem (4.1), we arrive
at:∫
Qnp
|Φ(x|y|p)|
q′
|y|
(n−β+α/q−δ)q′
p
dy =
∑
k∈Z
∫
Sk
|ψ(pl−k)|q
′
pk(n−β+α/q−δ)q′
dy
=(1− p−n)
∑
k∈Z
ψq
′
(pl−k)p(l−k)((q
′−1)(n+α)−(β+δ)q′−1+1)
× |x|−((n+α)(q
′−1)−(β+δ)q′)
p
≤C(1 − p−n)
∫ ∞
0
ψq
′
(t)t(q
′−1)(n+α)−(β+δ)q′−1dt|x|−((n+α)(q
′−1)−(β+δ)q′)
p .
Making use of above value, (5.3) becomes:
I2 ≤ C(1− p
−n)‖b‖Λδ(Qnp )|x|
−(n+α)/q+(β+δ)
p
(∫ ∞
0
ψq
′
(t)t(q
′−1)(n+α)−(β+δ)q′−1dt
)1/q′
‖f‖Lq(|x|αp ,Qnp ).
By inserting |y|
n−β+α/q
p instead of |y|
n−β+α/q−δ
p , we get:
I1 ≤ C(1− p
−n)‖b‖Λδ(Qnp )|x|
−(n+α)/q+(β+δ)
p
(∫ ∞
0
ψq
′
(t)t(q
′−1)(n+α)−βq′−1dt
)1/q′
‖f‖Lq(|x|αp ,Qnp ).
Since (β + δ)− n+αq = −
n+γ
r , and by (5.1), we obtain:
|HbΦ,β(f)(x)| ≤ K3,q(1− p
−n)‖b‖Λδ(Qnp )|x|
−(n+γ)/r
p ‖f‖Lq(|x|αp ,Qnp )
Let C3 = K3,q(1− p
−n)‖b‖Λδ(Qnp )‖f‖Lq(|x|αp ,Qnp ), then for all λ > 0, we have:
{x ∈ Qnp : |H
b
Φ,βf(x)| > λ} ⊂ {x ∈ Q
n
p : |x|p ≤ (C3/λ)
r/n+γ}.
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Ultimately,
‖HbΦ,βf(x)‖Lr,∞(|x|γp ,Qnp ) ≤ sup
λ>0
λ
(∫
Qnp
χ{
x∈Qnp :|x|p<(C3/λ)
r/n+γ
}(x)|x|γpdx
)1/r
=sup
λ>0
λ
(∫
|x|p<(C3/λ)r/n+γ
|x|γpdx
)1/r
=
(
1− p−n
1− p−(n+γ)
)1/r
C3
=K3,q
(
1− p−n
1− p−(n+γ)
)1/r
(1− p−n)‖b‖Λδ‖f‖Lq(|x|αp ,Qnp )
=K4‖f‖Lq(|x|αp ,Qnp ).

Next, we will show that the strong type estimates also hold for HbΦ,β .
Theorem 5.2. Let 1 < q < r < ∞, 0 < δ < 1. Let also min{α, γ} > −n,
(β + δ) − n+αq = −
n+γ
r , w(x) = |x|
α
p , α > −n. If Φ is radial function, b ∈ Λδ(Q
n
p )
and equation (5.1) is true for q ± ǫ instead of q where 0 ≤ ǫ < ǫ0, then
‖HbΦ,βf‖Lr,s(|x|αp ,Qnp )  ‖f‖Lq,s(|x|αp ,Qnp ).
Proof. Since q, r ∈ (1,∞), so q ∈ (1, n/δ), we can find 0 ≤ ǫ < ǫ0 such that
q1 = q − ǫ ∈ (1, n/δ) and q2 = q + ǫ ∈ (1, n/δ). Also, we can choose r1 and r2 such
that r1 < r < r2 which satisfies
(β + δ)−
n+ α
qi
= −
n+ γ
ri
, i = 1, 2.
Using Theorem 5.1, we have:
‖HbΦ,βf‖Lri,∞(|x|γp ,Qnp )  ‖f‖Lqi(|x|αp ,Qnp ).
But the equality 1/q = ϑ/q1 + (1 − ϑ)/q2 implies a similar equality 1/r = ϑ/r1 +
(1− ϑ)/r2. Required result is obtained by using Theorem 2.1. 
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